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Homogenization proposed in [Y.-C Wu and M. Z˙ukowski, Phys. Rev. A 85, 022119 (2012)]
is a procedure to transform a tight Bell inequality with partial correlations into a full-correlation
form that is also tight. In this paper, we check the homogenizations of two families of n-partite
Bell inequalities: the Hardy inequality and the tight Bell inequality without quantum violation.
For Hardy’s inequalities, their homogenizations bear stronger quantum violation for the maximally
entangled state; the tight Bell inequalities without quantum violation give the boundary of quantum
and supra-quantum, but their homogenizations do not have the similar properties. We find their
homogenization are violated by the maximally entangled state. Numerically computation shows
the the domains of quantum violation of homogenized Hardy’s inequalities for the generalized GHZ
states are smaller than those of Hardy’s inequalities.
PACS numbers: 03.65.Ud, 03.30.+p, 03.67.-a
I. INTRODUCTION
The problem of the possibility of a local realistic in-
terpretation of quantum mechanics was first addressed
in the discussion between Einstein, Podolsky, Rosen
(EPR) [1] and Bohr [2]. In order to settle down the philo-
sophical debate, Bell proposed an experimental scheme
in 1964 [3]. Bell’s seminal paper contains an inequality,
which holds for local realistic correlations but can be vi-
olated by quantum mechanical correlations. In the work
of Clauser, Horne, Shimony, and Holt (CHSH) [4] a new
inequality was derived, which, comparing with the origi-
nal Bell’s expression, can be more applicable to real ex-
perimental setups. An inequality with lower-order (par-
tial) correlations is usually called a Clauser-Horne-type
(CH-type) Bell inequality, whereas an inequality involv-
ing only highest-order (full) correlations is usually re-
ferred to as a CHSH-type Bell inequalities.
To identify quantum nonlocality (QN), one needs a set
of complementary observables for each party. It is an-
ticipated that the ability to detect QN becomes stronger
as the number of observables (settings) increases. For in-
stance, the 2-setting CHSH inequality determines the vis-
ibility for the Werner state as 1/
√
2, while a 465-setting
inequality [5] decreases the visibility to 0.7056, which is
slightly smaller than 1/
√
2.
On the other hand, although the CHSH inequality can
detect the QN for all two-qubit pure entangled states,
for more parties it is not desirable to invoke the full-
correlation inequality, like the CHSH inequality. In fact,
the first Bell inequality to identify QN for the whole
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domain of the generalized Greenberger-Horne-Zeilinger
(GHZ) state cos θ|000〉 + sin θ|111〉 is comprised of par-
tial correlations.
In general, in constructing Bell inequalities there is a
trade-off between full correlations and the ability to de-
tect QN for more generalized states. Wu and Z˙ukowski [6]
show how to transform a CH-type inequality into a
CHSH-type inequality, the tightness being preserved.
In this paper, we use the procedure of homogenization
to compare the quantum violation for various states.
Through the homogenization, the setting for each party
is increased by one. This strengthens the quantum viola-
tion for the maximally entangled state, while the viola-
tion regimes for the nonmaximally entangled state could
be narrowed.
The organization of this paper is as follows. In Sec.
II, we briefly review the procedure of homogenization.
Then, in Sec. III, we focus on the generalized GHZ state
and compare its quantum violation of the Hardy inequal-
ity before and after the homogenization. Likewise, in
Sec. IV we study the influence of the homogenization on
a family of tight Bell inequalities without quantum vio-
lation. We discuss the results in Sec. V and propose a
possible reason for the enhanced QN by the homogeniza-
tion.
II. BRIEF REVIEW ON HOMOGENIZATION
In general, the CHSH- and CH-type inequalities read
〈
∑
ij
ωijaibj〉 ≤ 1, (1)
20 ≤ I(aˆ, bˆ) = 〈c+
∑
i
αiai +
∑
j
βjbj +
∑
ij
γijaibj〉
≤M,(2)
where ωij , αi, βj and γij are real coefficients, c is a real
constant, M is the classical upperbound of (2), and ai, bj
are dichotomic observables taking values ±1. Wu and
Z˙ukowski [6] showed that (2) can be transformed into
(1) by homogenization, and that if (2) is tight then (1)
is also tight. Specifically, the homogeneous expression is
obtained as
H(I) = 〈c′a0b0 +
∑
i
αiaib0 +
∑
j
βjbja0 +
∑
ij
γijaibj〉,(3)
with
− M
2
≤ 1
a0b0
H(I) ≤ M
2
, c′ = c−M/2. (4)
III. HARDY’S NONLOCALITY INEQUALITIES
Cereceda [7] extend Hardy’s nonlocality proof for two
spin-1/2 particles [8] to the case of n spin-1/2 parti-
cles configured in the generalized GHZ state. We now
show that the maximal quantum violation of the homog-
enized Hardy’s inequality is stronger than Hardy’s origi-
nal inequality. The n-qubit CH-type Hardy’s inequality
reads [7]
p(010203 · · · 0n|010203 · · · 0n)
≤ p(111213 · · · 1n|111213 · · · 1n)
+p(010203 · · · 0n|110203 · · · 0n)
+p(010203 · · · 0n|011203 · · · 0n)
+ · · ·+ p(010203 · · · 0n|110203 · · · 1n), (5)
where p(i1i2i3 · · · in|j1j2j3 · · · jn) denotes the joint prob-
ability of obtaining result ik under setting jk for the k-th
qubit, with ik, jk = 0, 1 and k running from 1 to n. In
the following context the subscript for each party could
be omitted with no confusion. Let us rewrite (5) in the
form of correlations. For n = 3,
|5−A1 −B1 − C1 −A2B1 −A2C1 −A1B2 −B2C1
−A1C2 −B1C2 −A2B2 −A2C2 −B2C2 +A1B1C1
+A2B2C2 −A2B1C1 −A1B2C1 −A1B1C2|/8 ≤ 1,
(6)
where A1 = p(01|01) − p(11|01) and A2 = p(01|11) −
p(11|11) are observables for the first party, and like-
wise for Bi, Cj . It is violated by the three-qubit GHZ
state by a factor of 1.1755, and it is violated maximally
by the state 0.8393|000〉+ 0.5435|100〉+ 0.01283|101〉 −
0.0009074|110〉+ 0.002652|111〉 by a factor of 1.236. In
presence of noise, the state is a mixed state defined by
ρ = V |GHZ〉〈GHZ| + (1 − V )ρnoise, where V is called
visibility, ρnoise =
1
8 I
⊗3 for three qubits, and I is the 2×2
identity matrix. For the GHZ state, the threshold visi-
bility V is 0.6812. The homogenized inequality can be
written as
|5A0B0C0 −A1B0C0 −A0B1C0 −A0B0C1 −A2B1C0
−A2B0C1 −A1B2C0 −A0B2C1 −A1B0C2 −A0B1C2
−A2B2C0 −A2B0C2 −A0B2C2 +A1B1C1 +A2B2C2
−A2B1C1 − A1B2C1 −A1B1C2|/8 ≤ 1,
(7)
It is violated maximally by the three-qubit GHZ state by
a factor of 1.8 (see Fig. 1), the threshold visibility V is
0.5556.
For n = 4,
|20− 2(A1 +B1 + C1 +D1)−A1B1 −A1C1 −A1D1
−B1C1 −B1D1 − C1D1 −A2B1 −A2C1
−A2D1 −A1B2 −B2C1 −B2D1 −A1C2
−B1C2 − C2D1 −A1D2 −B1D2 − C1D2
−A2B2 −A2C2 −A2D2 −B2C2 −B2D2 − C2D2
−A2B1C1 −A2B1D1 −A2C1D1 −A1B2C1
−A1B2D1 −B2C1D1 −A1B1C2 −A1C2D1
−B1C2D1 −A1B1D2 −A1C1D2 −B1C1D2
+A2B2C2 +A2B2D2 +A2C2D2 +B2C2D2
+A1B1C1D1 −A1B2C1D1 −A2B2C2D2
−A1B1C2D1 −A1B1C1D2 −A2B1C1D1|/24 ≤ 1,
(8)
It is violated by the four-qubit GHZ state by a factor
of 1.0690, it is violated maximally by a certain state by
a factor of 1.1665. On account of noise, we consider a
mixed state similar to the three-qubit case as defined be-
low (6). Here ρnoise =
1
16 I
⊗4 for four qubits, the threshold
visibility V is 0.7071 for the GHZ state. The homoge-
nized inequality can be written as
|20A0B0C0D0 − 2(A1B0C0D0 +A0B1C0D0
+A0B0C1D0 +A0B0C0D1)−A1B1C0D0
−A1B0C1D0 −A1B0C0D1 −A0B1C1D0
−A0B1C0D1 −A0B0C1D1 −A2B1C0D0
−A2B0C1D0 −A2B0C0D1 −A1B2C0D0
−A0B2C1D0 −A0B2C0D1 −A1B0C2D0
−A0B1C2D0 −A0B0C2D1 −A1B0C0D2
−A0B1C0D2 −A0B0C1D2 −A2B2C0D0
−A2B0C2D0 −A2B0C0D2 −A0B2C2D0
−A0B2C0D2 −A0B0C2D2 −A2B1C1D0
−A2B1C0D1 −A2B0C1D1 −A1B2C1D0
−A1B2C0D1 −A0B2C1D1 −A1B1C2D0
−A1B0C2D1 −A0B1C2D1 −A1B1C0D2
−A1B0C1D2 −A0B1C1D2 +A2B2C2D0
+A2B2C0D2 +A2B0C2D2 +A0B2C2D2
+A1B1C1D1 −A1B2C1D1 −A2B2C2D2
−A1B1C2D1 −A1B1C1D2 −A2B1C1D1|/24 ≤ 1,
(9)
3It is violated maximally by the four-qubit GHZ state
by a factor of 1.9524 (see Fig. 1), the threshold visibility
V is 0.5121.
IV. BELL INEQUALITIES WITH NO
QUANTUM VIOLATION
The quantum correlations (QC) are in general more
stronger than classical correlations (CC). Augusiak et
al. [9] showed how unextendable product bases (UPBs)
that satisfy a given requirement give rise to a family of
tight Bell inequalities without quantum violation. In
these situations, QC and CC perform equally well in
information tasks, while the supraquantum nonsignal-
ing correlations do provide an advantage over CC. Thus
such inequalities pinpoint the facet of polytope that sep-
arate quantum and supraquantum correlations, and pro-
vide better understandings of different sets of correlations
which serve as valuable information resources.
Bell inequality with non-negative weights qj , which al-
ways can be assumed to obey 0 ≤ qj ≤ 1.
∑
j
qjp(aj |xj) ≤ max {qj} , (10)
From the initial set of orthogonal product vectors, Au-
gusiak et al. proved that all these inequalities are not
violatd by QC [9] [10]. By local unitaries and permu-
tations of particles, all UPBs can be brought to S0(i) ≡
S0 = {|0〉 , |1〉} and S1(i) ≡ S1 = {|e〉 , |e〉} (i = 1, 2, 3).
We assign conditional probabilities in the following
way: |000〉 → p(000|000), |1ee〉 → p(110|011), |e1e〉 →
p(011|101), |ee1〉 → p(101|110). Then, we can get the
tight Bell inequality with no quantum violation found
in [11] and [12]. For odd n, the inequality can be written
as
(n−1)/2∑
k=0
n∑
i1<...<i2k=1
Ti1...i2kp(0|0) ≤ 1, (11)
and for even n
(n−2)/2∑
k=0
n∑
i1<...<i2k=2
Ti1...i2k [p(0|0)+p(0 . . . 01|10 . . .0)] ≤ 1.
(12)
Here 0 = (0, . . . , 0), and Ti1...i2k denotes a filp (0 ↔ 1)
of input bits and output bits at positions i1, . . . , i2k and
i1−1, . . . , i2k−1 (if ij = 1, then ij−1 = n), respectively.
For n = 3, we obtain the inequality
p(000|000) + p(101|110) + p(011|101) + p(110|011) ≤ 1.
(13)
For n = 4,
p(0000|0000)+ p(0001|1000)+ p(0110|0011)
+p(0111|1011)+ p(1010|0101)+ p(1011|1101)
+p(1100|0110)+ p(1101|1110)≤ 1.
(14)
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FIG. 1: The quantum violation for the generalized GHZ state.
The blue solid, red solid, blue dash, red dash, black dot-dash,
and black dot curves correspond to inequalities (6), (7), (8),
(9), (16), and (18), respectively.
Rewriting (13), the symbols in inequalities of proba-
bility 0→ 1 and 1→ 2 into the correlation function, we
obtain
|A1B1 −A2B1 +A1B2 −A2B2 +A1C1 +A2C1
+B1C1 −B2C1 −B2C2 −A1C2 −A2C2 +B1C2
+A1B1C1 + A2B2C1 +A2B1C2 +A1B2C2|/4 ≤ 1.
(15)
This inequality cannot be violated in quantum mechan-
ics. However, let us see its homogenized inequality:
|A1B1C0 −A2B1C0 +A1B2C0 −A2B2C0
+A1B0C1 +A2B0C1 +A0B1C1 −A0B2C1
−A0B2C2 −A1B0C2 −A2B0C2 +A0B1C2
+A1B1C1 + A2B2C1 +A2B1C2 +A1B2C2|/4 ≤ 1,
(16)
which is equivalent to the inequality in Ref. [13]. It is
violated maximally by the three-qubit GHZ state by a
factor of 2 (see Fig. 1).
For n = 4
|2A1C1 + 2B1C1 − 2A1C2 + 2A2C1 − 2A2C2
+2B1C2 − 2B2C1 − 2B2C2 +A1B1C1 + A2B1C1
+A1B2C1 +A2B2C1 +A1B1C2 +A2B1C2 + A1B2C2
+A2B2C2 +A1B1D1 −A2B1D1 +A1B2D1 −A2B2D1
+A1C1D1 −A2C1D1 −A1C2D1 +A2C2D1 −A1B1D2
+A2B1D2 −A1B2D2 +A2B2D2 +A1C1D2 −A2C1D2
−A1C2D2 +A2C2D2 +A1B1C1D1 −A2B1C1D1
+A1B2C2D1 −A2B2C2D1 +A1B2C1D2 −A2B2C1D2
+A1B1C2D2 −A2B1C2D2|/8 ≤ 1,
(17)
4p(110|011)
p(101|110)
p(000|000)
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FIG. 2: The exclusivity graph for (13). The sum of probabil-
ities of pairwise exclusive events cannot exceed 1.
whose homogenized inequality can be written as
|2A1B0C1D0 + 2A2B0C1D0 + 2A0B1C1D0
−2A0B2C1D0 − 2A1B0C2D0 − 2A2B0C2D0
+2A0B1C2D0 − 2A0B2C2D0 +A1B1C1D0
+A2B1C1D0 +A1B2C1D0 +A2B2C1D0
+A1B1C2D0 +A2B1C2D0 +A1B2C2D0
+A2B2C2D0 +A1B1C0D1 −A2B1C0D1
+A1B2C0D1 −A2B2C0D1 +A1B0C1D1
−A2B0C1D1 −A1B0C2D1 +A2B0C2D1
−A1B1C0D2 +A2B1C0D2 −A1B2C0D2
+A2B2C0D2 +A1B0C1D2 −A2B0C1D2
−A1B0C2D2 +A2B0C2D2 +A1B1C1D1
−A2B1C1D1 +A1B2C2D1 −A2B2C2D1
+A1B2C1D2 −A2B2C1D2 +A1B1C2D2
−A2B1C2D2|/8 ≤ 1.
(18)
It is violated maximally by the four-qubit GHZ state by
a factor of 2.4413 (see Fig. 1).
V. DISCUSSION AND CONCLUSIONS
To summarize, we have studied the influence of homog-
enization on enhancing the quantum nonlocality of two
families of Bell inequalities. Through the homogeniza-
tion, the quantum violation of the Hardy inequality has
become stronger for the GHZ state, while the parame-
ter domain for violation regime of the generalized GHZ
state has been narrowed. On the other hand, quantum
violation has appeared again for the family of tight Bell
inequalities without quantum violation. The reason for
this is that a tight Bell inequality without quantum vio-
lation can be represented by a complete graph [14] (see
Fig. 2), i.e., event probabilities are pairwise exclusive, so
that, according to graph theory, the independence num-
ber is equal to the Lova´sz number [15], indicating the
coincidence of the classical upperbound with the quan-
tum maximum. However, by homogenization, it is trans-
formed into a full-correlation form, whose corresponding
graph is no longer complete. In this regard, the inde-
pendence number is in general less than than the Lova´sz
number, rendering a quantum violation possible.
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